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ABSTRACT: The effect of spherical confinement on the doubly excited states of He atom bounded below the ionization
threshold of He+ corresponding to n = 2, 3 and 4 have been analyzed using radially correlated product basis sets The
motivation is to understand the structural behavior of such states under the thermodynamic pressure generated due to
such confinements. Helium is chosen as a prototype system as it is the simplest two electron system for which spectroscopic
observations are abundant. The general observation is that the number of doubly excited states diminish as radius of
confinement decreases with consequent increase of the double excitation energy of various configurations from the
ground state. A general enhancement of the average value of Coulomb repulsion term is observed with increase of
confinement. The three dimensional plots of the density of doubly excited states of different symmetries with respect to
radial distance show consistent behavior of the nodes, the peak positions of the density profiles and their heights with
respect to the radius of spherical confinement

1. INTRODUCTION

The concept of spherical confinement was first introduced by Michels et al [1] and later on by Sommerfeld and
Welker [2] where they studied in detail the binding energy and polarizability of hydrogen atom inside a spherical
box with varying radius. Nature provides example of such spatially confined systems with atoms and molecules
in Zeolite sieves [3, 4], fullerenes [5-9], solutes under solvent environments [10-12] and storage of ions in
specific solids [13]. A review on different forms of confined systems, interpretation of their energy levels and
other properties have been discussed by Jaskolski [14] and by Sil et al [15]. The obvious effect of spherical
confinement is to produce an altered boundary condition on the wave function which must be taken care of while
solving the Schrödinger equation of the system. Detailed non-relativistic studies of the stability of the ground
and single excited states and other structural properties like the ionization radii, electric dipole polarizabilities,
hyperfine effect etc. for H atom under spatial confinement have been performed by different workers using
various methods [16-32]. A relativistic approach towards the stability of confined H atom was due to Huang et al
[33]. Attempts for such studies on two and many electron systems are however limited [34-38]. The overall
inferences drawn from such calculations so far are the gradual instability of the ground and excited state energy
levels, reduction of ionization potential and polarizabilities, formation of quantum chaos under confinement,
orbital collapses and intercrossing of orbitals of different symmetries modifying thereby the atomic shell structure
[34-38]. Under very strong confinement the behavior of the system is expected to be completely controlled by
the cavity only. The only calculation available for the lowest doubly excited S state of helium under spherical
confinement was due to Chakraborty and Ho [39] who established their autoionizing character by calculating
their widths. They used a suitable potential to simulate such a confinement and estimated the energy level and
width of the lowest lying autoionizing S state of helium under different confining potential which vanishes
asymptotically.
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Presently our aim is to study the energy levels and electron density profiles of doubly excited states of He under
external spherical confinement. We have investigated the behavior of the doubly excited energy levels, the Coulomb
repulsion in these states and in particular the structural profiles of the two particle density function against the radii
of confinement. Specifically we have chosen the doubly excited nsn’s : 1Se, npn’p :1De, ndn’d :1Ge (n = 2, 3, 4; n’ =
n, n+1, …, 4) for our study and used only radially correlated basis sets for the description of such states. Essentially
these doubly excited states are bounded below n = 2, 3, 4 respectively of the corresponding He+ ion under identical
confinement. Under spherical confinement the degeneracy of the hydrogenic levels with respect to orbital angular
momentum for a given principal quantum number is lifted. In calculating the bounds the lifting of the degeneracy
has been taken care of. A brief outline of the theory is given in section 2 followed by a discussion of the results in
section 3.

2. THEORY

We consider a two electron system initially in its ground state described by the usual non relativistic Hamiltonian
H0. The system is confined in a spherical cavity of radius R. The ground state energy E0 is determined from the
solution of the Schrödinger equation

H0� = E0� (1)

subject to

���|��� = 1 (2)

We use a.u. throughout and obtain E0 for a given value of R by imposing the finite boundary condition on the
radial part of the ground orbitals so that no electron current takes place through the bounding surface [40] i.e.

�(r) = 0 at r � R (3)

and

2 2

0

1
R

r r dr (4)

here �(r) is radial part of the one particle function constituting �.

The boundary condition can be satisfied by expanding the radial part �(r) in terms of a Slater basis set �(r)
given by

�(r) = (R – r) �(r) (5)

with

i in r
i

i

r C r e (6)

here C’s are linear variation parameters and in , �
i
 are pre assigned exponents. The ground state energy for a given

value of R is obtained by solving the generalized eigen value equation

0 0H C E SC (7)

where 0H  is the Hamiltonian matrix over the basis set and S  is the overlap matrix. To study the doubly excited

states of the system under such a spherical confinement, time evolution of the ground state � under a harmonic
perturbation

, i t i tH r t G r e G r e (8)
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is analyzed. Here G(r) is a two particle operator having permutation symmetry in radial as well as angular co-
ordinates of the two electrons and may be expressed as

1 2 2 1, ,G r f r r f r r (9)

where � is the perturbation strength parameter and 1 2,f r r  is conveniently expressed as a product of one particle

operators

1 2 1 2,f r r h r h r (10)

where we have chosen

,l
lmh r r Y (11)

in which the magnetic quantum number m is restricted to |l|.

This particular choice for both the one particle operators ensures simultaneous excitations of both the electrons
with multipolarity l such that the total angular momentum of the doubly excited states L = l+l. The choice of m = |l|
excludes the possibility of generation of angular momentum L < l + l. Hence configuration mixing from the angular
momentum states due to Russell Saunders coupling does not arise. In case of our specific study of excitations of
identical symmetry from both the orbitals of the ground state, l = 0, 1 or 2 is chosen for both the operators ensuring
1s2 :1Se : nsn’s :1Se, npn’p :1De and ndn’d :1Ge states The total wavefunction in presence of the periodic perturbation
may be expressed as [up to first order]

0, iE ti t i tr t N r r e r e e (12)

where the normalization constant N is determined up to second order from the time averaged ansatz

0

1
, , 1

T

r t r t dt
T (13)

Here the time averaging is performed over the period of the oscillatory perturbation. The quantity 0iE te  describes

the time evolution of the ground state in absence of external perturbation and i te  furnish the first order
corrections to the ground state wavefunction due to the two components of the perturbation given by eqn. (8). The

nature of is obtained from

~r G r r (14)

The angular character of is given by eqn. (14), while the radial part is expanded in terms of product basis sets

1, 2j j
j

r D (15)

in which jD are the expansion coefficients and the two particle basis � �2,1j�  is obtained from products of appropriate

one particle Slater type basis

1,2 ~ 1 2 1 2j k l l k (16)

The angular part of the STO’s is so chosen as to obtain the angular character of the two particle wave function.
In case of excitations having identical symmetry of both the excited orbital’s the sets comprising � and �’ are
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identical and the number of independent coefficients D± will be N(N + 1)/2 where N is the number of STO’s
representing the one particle orbital. Further to ensure finite boundary condition on the excited orbitals the radial
part of the orbitals �(r) is represented as

r R r r (17)

Here � (r) is similar in nature as that given by eqn. (6) with pre assigned exponents. The linear coefficients jD

are determined through the optimization of a suitable time averaged functional due to Löwdin and Mukherjee [41]

0

0

1
, ,

T

J r t H H i r t dt
T t (18)

subject to equation (13). The functional J(�) is expanded and terms up to quadratic in ��± are retained. The
optimization condition

0
J

D
(19)

yields sets of decoupled linear equations involving D+ and D– which are solved by standard technique to obtain the
linear coefficients which determine the first order corrections to the ground state wavefunction. Due to finite boundary
conditions imposed on the wavefunctions, all the integrals over basis sets are to be evaluated over finite domain R.
For each value of cavity radius R, the second order functional is evaluated for a range of external frequency �. The
functional passes through poles at certain values of � representing double excitations from the ground state. The
transition energy to the doubly excited states are obtained from the pole positions and the renormalized first order
perturbed two particle functions at poles determine the doubly excited wavefunctions. Such a procedure is repeated
for different multipolarity of the one particle perturbation operator ensuring double excitations of different symmetries.
Our calculations have been performed only for He atom where relativistic effect is small. Radial correlation is
properly taken care of by choosing a reasonable expansion length of the STO’s while the angular correlation is
ignored here in order to obtain the general pattern for the behavior of the doubly excited states under spherical
confinement.

3. RESULTS AND DISCUSSIONS

We have considered the double excitations 1s2 :1Se ��nsn’s :1Se, npn’p :1De, ndn’d :1Ge for n, n’ � 4 under spherical
confinement. Helium atom has been chosen as the prototype for the study to get an insight of the overall behavior of
these states under such a confinement which may well reproduce the pattern for other members of the isoelectronic
series except for H– whose behavioral pattern may be different due to strong electron correlation effect. We have
restricted the choice of the angular terms of the one particle operators in such a way that the total angular momentum
of the generated doubly excited state does not have any contamination from other states generated through angular
momentum coupling. For example with a choice of Y00(1)Y00(2), Y11(1)Y11(2) and Y22(1)Y22(2) the respective final
states are of S, D and G symmetry without any mixing from other angular momentum states. For the ground state the
non linear parameters are chosen as those of Clementi and Roetti [42], the linear coefficients in equation (6) are
obtained from the solution of the generalized eigenvalue equation (7) for each radius of confinement. Since both the
orbitals are excited from the ground state the quadratic terms in the matrix elements involving the perturbed orbitals
��± given by equation (15) have no explicit dependence on the ground state function and it acts as a reference level
from which the excitation energies are measured. The excitations are essentially dependent on the representation of
the ��± . We have chosen 9 parameter representations of the excited s and p orbitals and 8 parameter representation
of the d orbitals. Hence the number of unknown coefficients in the expansion of the two particle functions for S, D
and G excitations resulting from ss, pp and dd type product basis sets are respectively 45, 45 and 36. The expansion
length is adequate to furnish an overall behavior of the double excitations under study. In Table 1 we have listed the
excitation energies to the various doubly excited states under study against various confinement radius.
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Table 1
Transition energies and Coulomb repulsion term of different doubly excited states of He atom below N = 2, 3 and

4 ionization threshold of the corresponding He+ for different box radius.

contd. table 1
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We start with a sufficiently large radius 1000 a.u. to represent the free system and subsequently reducing the
radius in such a manner that effect of strong confinement is being imposed upon. The excitation energies are
obtained from the position of the poles of the variational functional given by equation (18) with respect to the
frequency of the harmonic perturbation. From Table 1 we notice that for the free system our results compare
favorably with existing available data. Some of the more recent calculations indicate the positions of the doubly
excited states [47, 48] only without mentioning the ground state energy. We have calculated the doubly excited state
energies from our data and find that the positions of the doubly excited 1Se states for 2s2, 2s3s, 2s4s, 3s2, 3s4s and 4s2

are respectively 0.7235, 0.5722, 0.5373, 0.3216, 0.2652 and 0.1789 a.u. compared to 0.7779, 0.5899, 0.5449, 0.3535,
0.2811 and 0.2010 a.u. as obtained by Bürgers et al. [47] while for 2p2 :1De state our result 0.6621 a.u. has to be
compared with 0.7018 a.u. due to Kar and Ho [48]. The discrepancy arises due to neglect of angular correlation in
our calculation as well as due to the specific choice of our reference ground state level. The result obtained by
Chakraborty and Ho [34] for the free 2s2:1 Se state is identical with that of Bu¨rgers et.al. [47]. The renormalized
perturbed functions at pole positions furnish the representation of the corresponding doubly excited state wavefunction
in terms of product basis. These wavefunctions have been used to calculate the matrix element of the Coulomb

repulsion term 
12

1

r . The spherical confinement generates a thermodynamic pressure within the system which can be

calculated by the standard expression [49]

02

1
2

4
P E V

R
(20)

where E0 is the ground state energy <V> is the potential energy and R is the radius of confinement. The corresponding
pressure calculated for each R value is also listed in Table 1. The doubly excited nln’l’ (n, n’ � 2) states are bounded
below the corresponding ionization threshold of He+ with principal quantum number n. Due to spherical confinement
the accidental degeneracy of hydrogenic levels is lifted. This lifting is apparent at sufficiently low values of the
radius of confinement. In our study of the He+ ion using time dependent perturbation theory we have estimated the
energy levels for different orbital angular momentum states for a given principal quantum number n which takes the
values 2, 3 and 4 respectively. Specifically we calculated the bounds for S and P levels for n = 2 while for n = 3 and
4 the bounds for S, P and D levels have been evaluated. The respective bounds have been listed in Table 1. To get a
feeling of the behavior of the different bounds we have plotted in figure 1 the respective bounds for n=2 and n=3
levels against the radius of confinement.

Figure 1: Plot of the bounds for He+ below (a) N = 2 and (b) N = 3 against radius of confinement.
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The plots clearly demonstrate the lifting of the degeneracy’s of He+ ion at strong confinement and their enhanced
values at larger confinements. It is also noted from figure 1 that at certain radius some of the bounds exist while
others are not. Such thresholds calculated for He+ at each R and n values, have also been listed in Table 1 in order to
have a ready reference. Double excitation energies of the states lying above the ionization threshold for any given
R are not listed in the Table as they are unstable. From the host of data collected in Table 1 we observe a general
tendency of increase of the transition energy as well as the Coulomb repulsion with decrease of radius of confinement
R. At R = 10.0 a u there is a slight reduction of the transition energy 1s2 � 2s2 departing from the general trend. This
feature is difficult to resolve at the present state of calculations and needs more sophisticated fully correlated
studies of the problem. Figure 2 represents plots of the double excitation energies 1s2 � 2s2, 2s3s and 2s4s against
radius of confinement R. Figures 3 and 4 represent such plots for the double excitation energies 1s2 � 2p2 2p3p 3d2

and 3d4d respectively against R for He.

Figure 2: Plot of double excitation energy against confinement radius R (a) 1s2  2s2; (b) 1s2  2s3s; (c) 1s2  2s4s



Doubly Excited States under Spherical ConfinementL A Case Study

International Review of Atomic and Molecular Physics, 4 (1), January-June 2013 37

Figure 4: Plot of double excitation energy against confinement radius R (a) 1s2  3d2 ; (b) 1s2  3d4d for He

Figure 3: Plot of double excitation energy against confinement radius R (a) 1s2  2p2; (b) 1s2  2p3p for He
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In all the cases we observe systematic trend of the double excitation energies against the radius of confinement.
The plot for the double excitation energy 1s2 � 2p4p is omitted as this state goes beyond ionization threshold for
most of the confining radii as reflected in Table 1. In order to have a feeling for the density profiles of the doubly
excited states for different radii of confinement the radial density distribution r1

2r2
2|�(r1, r2)|

2 against r1 and r2 has
been plotted for the respective states 2s2, 3s2, 4s2, 2p2, 3p2, 4p2, 3d2 and 4d2 at R = 1000.0 a.u. which corresponds to
the free system and at R =10.0 a.u. or 20.0 a.u. depending on the stability of the states. R=20.0 a.u. has been used
only for 4s2, 4p2 and 4d2 states. Such plots are distributed over the Figures 5 to 12.

Figure 5: Plot of two particle density (r
1
, r

2
) against r

1
 and r

2
 for the doubly excited 2s2 state at (a) R = Infinity and

(b) R = 10 a.u for He
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Figure 6: Plot of two particle density (r
1
, r

2
) against r

1
 and r

2
 for the doubly excited 2p2 state at (a) R = Infinity and

(b) R = 10 a.u. for He
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Figure 7: Plot of two particle density (r
1
, r

2
) against r

1
 and r

2
 for the doubly excited 3s2 state at (a) R = Infinity and

(b) R = 10 a.u. for He
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Figure 8: Plot of two particle density (r
1
, r

2
) against r

1
 and r

2
 for the doubly excited 3p2 state at (a) R = Infinity and

(b) R = 10 a.u. for He
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Figure 9: Plot of two particle density (r
1
, r

2
) against r

1
 and r

2
 for the doubly excited 3d2 state at (a) R = Infinity and

(b) R = 10 a.u. for He
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Figure 10: Plot of two particle density (r
1
, r

2
) against r

1
 and r

2
 for the doubly excited 4s2 state at (a) R = Infinity and

(b) R = 20 a.u. for He
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Figure 11: Plot of two particle density (r
1
, r

2
) against r

1
 and r

2
 for the doubly excited 4p2 state at (a) R = Infinity and

(b) R = 20 a.u. for He
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Figure 12: Plot of two particle density (r
1
, r

2
) against r

1
 and r

2
 for the doubly excited 4d2 state at (a) R = Infinity and

(b) R = 20 a.u. for He
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The three dimensional plots of the density profiles clearly indicate the effect of confinement through enhancement
of the peak heights with reduction of spatial extension with respect to r1 and r2 maintaining the nature of the nodes.
Such density profiles for the doubly excited states have been reported for the first time.

4. CONCLUSION

Doubly excited states of several symmetries of He atom under spherical confinement have been studied and their
density profiles are analyzed. Behavioral pattern for such excitations under strong confinement indicates that the
energy of a doubly excited state increases as the radius of confinement decreases. Full understanding in this direction
necessitates the evaluation and analysis of their positions using fully correlated methods.
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